Convection in the Earth's core is driven much harder at the bottom than the top. This is partly because the adiabatic gradient steepens towards the top, partly because the spherical geometry means the area involved increases towards the top, and partly because compositional convection is driven by light material released
at the lower boundary and remixed uniformly throughout the outer core, providing a volumetric sink of buoyancy. We have therefore investigated dynamo action of thermal convection in a Boussinesq fluid contained within a rotating spherical shell driven by a combination of bottom and internal heating or cooling. We first apply a homogeneous temperature on the outer boundary in order to explore the effects of heat sinks on dynamo action; we then impose an inhomogeneous temperature proportional to a single spherical harmonic Y 2 2 in order to explore core-mantle interactions. With homogeneous boundary conditions and moderate Rayleigh numbers, a heat sink reduces the generated magnetic field appreciably; the magnetic Reynolds number remains high because the dominant toroidal component of flow is not reduced significantly. The dipolar structure of the field becomes more pronounced as found by previous authors. Increasing the Rayleigh number yields a regime in which convection inside the tangent cylinder is strongly affected by the magnetic field. With inhomogeneous boundary conditions a heat sink promotes boundary effects and locking of the magnetic field to boundary anomalies. We show that boundary locking is inhibited by advection of heat in the outer regions. With uniform heating the boundary effects are only significant at low Rayleigh numbers, when dynamo action is only possible for artificially low magnetic diffusivity.
With heat sinks the boundary effects remain significant at higher Rayleigh numbers provided the convection remains weak or the fluid is stably stratified at the top.
Dynamo action is driven by vigorous convection at depth while boundary thermal anomalies dominate in the upper regions. This is a likely regime for the Earth's core.
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Background
In two earlier papers, hereafter referred to as I ) and II ), we have explored dynamo action in a fluid contained within a rotating, spherical annulus and cooled by imposing a laterally varying heat flux on the outer boundary. Of particular interest is the regime in which the fluid flow and magnetic field become locked to the boundary anomalies because this can explain the observation of the four relatively stationary main concentrations of flux seen on the surface of the Earth's core. Both papers used the pattern of seismic shear wave velocity at the base of the Earth's mantle for the heat flow boundary condition, in common with several previous studies , Bloxham 2000 , Olson and Christensen 2002 , Christensen and Olson 2003 . Paper I found a near-steady solution with surface magnetic flux concentrated into four main lobes located very close to those in the Earth. Paper II explored the parameter ranges required to produce quasi-steady solutions locked to the boundary. Factors controlling locking are the congruence of length scales, where the underlying convection with homogeneous boundary conditions must have length scales comparable to those of the inhomogeneous boundary conditions, and the state of convection in the fluid core, which must be such that thermal diffusion is effective in allowing the boundary anomalies to diffuse into the core and organize the internal flow. The latter required turbulent thermal diffusivity to be one order of magnitude higher than the magnetic diffusivity, which is unrealistic for the Earth. In this paper, therefore, we explore another regime that allows penetration of boundary inhomogeneities into the upper regions of the fluid core -we change the basic heating mode to produce vigorous convection at depth, but much reduced convection, or even stable stratification, in the upper core. This approach reduces the Péclet number in the upper regions without altering the deep convection significantly, thereby promoting boundary effects.
Several arguments have been put forward for the existence of weakened convection or a stratified layer at the top of the Earth's outer core. Fearn and Loper (1981) suggested that light elements could rise through the core and accumulate in a thin layer beneath the coremantle boundary (CMB). Gubbins et al. (1982) discussed the possibility of a thermally stratified layer developing over time as the Earth cooled. Another possible mechanism is an inward flux of buoyancy across the CMB (e.g. Lister and Buffett 1995, Olson 2000) . Braginsky (1993) introduced a theory of the dynamics in a stratified upper core that he called the "hidden ocean of the core" and developed it in subsequent papers (Braginsky 1998 (Braginsky , 1999 (Braginsky , 2000 . In a recent paper, Anufriev et al. (2005) consider the situation whereby the heat flux is superadiabatic at the inner core boundary (ICB) but subadiabatic at the CMB, which could have a significant effect on dynamo models. Stratification also eases problems with the Earth's thermal history. The adiabat is steep and the core loses heat rapidly simply by cooling down the adiabat, so rapidly in fact that the inner core is thought to have formed just 1 Gyr ago (Labrosse et al. 1997 , Nimmo et al. 2004 . Compositional convection plays an important, if not dominant, role in supplying buoyancy to drive the dynamo. The core might be thermally stable yet still convect vigorously all the way to the top, with compositional buoyancy maintaining mixing against the thermal stratification (Loper 1978 ).
The standard model of core convection assumes a cooling core that freezes at the ICB, releasing a light component of the liquid that rises. The light component is usually assumed to become mixed throughout the outer core, contributing to a slow secular decrease in its density. The equations are the same for compositional convection as for thermal convection, the only difference being in the diffusivity; double-diffusive effects have not been observed and are too exotic to have attracted much interest at this primitive stage of the theory. The counterpart of heat conduction down the adiabat is barodiffusion of the light component down the pressure gradient, which may be significant (Braginsky 1963 ), but composition becomes well mixed by convection so there is no equivalent to the adiabatic temperature gradient.
Here we adopt a model of thermal, Boussinesq convection, but use the standard core model to guide our choice of buoyancy sources. The Boussinesq temperature equation governs fluctuations about a basic temperature profile comprising the steady-state conduction solution minus the adiabat. This profile may well have a negative gradient for temperatures appropriate to the Earth's core, corresponding to heat sinks in the Boussinesq model. In reality there are no heat sinks in the core; they arise in the heat equation as a result of a subadiabatic conduction profile. In the special case when the adiabat has a quadratic form, which is a fair match to recent estimates of the adiabat (e.g. Gubbins et al. 2004) , the equivalent heat sink is uniform -in general the adiabat will correspond to a radially dependent heat sink. The real heat sources, from radioactivity and secular cooling, must be added to this in the Boussinesq heat equation.
The mix of compositional and thermal buoyancy also provides a mix of sources at the bottom (latent heat of freezing and release of light material at the ICB), internal heating (specific heat of cooling and radiogenic isotopes in the core), and heat sinks (subadiabatic regions and re-mixing of light material throughout the liquid core). We therefore adopt a simple basic temperature profile that includes both uniform internal heating (or cooling) and bottom heating, and retain the freedom to vary the relative importance of each.
We make two further simplifications over the model in Papers I and II. First, we replace the "tomographic" boundary condition based on seismic shear wave velocity with its dominant spherical harmonic Y 2c 2 (e.g. Sarson et al. 1997) . This function has minima around the great circle φ = ±π/2, mimicking the cold lower mantle beneath the Pacific rim where geomagnetic flux is concentrated. The effects of this simpler geometry should be easier to interpret. Secondly we use a temperature rather than a heat flux boundary condition. This simplifies interpretation because, with heat flux boundary conditions, the length scales of convection at the moderate Ekman numbers conveniently accessible numerically are a very sensitive function of the Ekman number (Gibbons et al. 2007 ), making it difficult to judge in advance whether or not a particular dynamo is likely to lock. With temperature boundary conditions the length scale dependence on the Ekman number is monotonic near onset of convection.
The paper is organized as follows. In the next section, we present the governing equations and parameters. In section 3 we present dynamo solutions with homogeneous boundary conditions and explore their dependence on the relevant governing parameters.
In section 4 we include the inhomogeneous boundary condition and study regimes in which these dynamos lock. In both sections a comparative study is made of dynamos with weak and strong convection beneath the outer boundary. The paper concludes with a summary of results and consequences for geodynamo studies.
Governing equations and parameters
Consider an electrically conducting, Boussinesq fluid between two concentric, co-rotating spherical surfaces. The radius ratio r i /r o is 0.35. The temperatures of the inner and outer boundaries are kept fixed; otherwise the mathematical formulation of the problem and its numerical solution are as described in Paper II. The time-dependent MHD equations for the velocity u, the magnetic field B and the temperature T are
The dimensionless groups in the above equations are the Ekman number, E = ν/ΩL 2 , the Prandtl number, P r = ν/κ, the 'modified' Rayleigh number, Ra = gα∆T b L/Ωκ, and the magnetic Prandtl number, P m = ν/η. We shall refer to the product P mP r −1 = q = κ/η as the Roberts number, a measure of the strength of thermal diffusion relative to magnetic diffusion in the model. The uniform heat source (sink) density is represented by Q D in (3).
In the above expressions, L is the gap-width of the spherical shell, ∆T b is the temperature difference across the layer from basal heating, ν is the kinematic viscosity, κ is the thermal diffusivity and η is the magnetic diffusivity. The unit of length is L and of time L 2 /η. Noslip, electrically insulating boundaries are used as they permit comparison of our results with several previously published calculations.
We use three intrinsic dimensionless parameters. As velocity is scaled by η/L, the dimensionless mean velocity, uL/η, gives the magnetic Reynolds number, R m . Magnetic field is measured in units of (ρΩµη) 1/2 , ρ being the density and µ the permeability of free space. The Elsasser number is therefore the square of the mean dimensionless magnetic field, B. As the competition between advection and thermal diffusion is expected to play a role in core-boundary coupling, the Péclet number, P e = uL/κ is introduced as another intrinsic parameter in the model. The dimensionless kinetic and magnetic energies are
given by
both are scaled up to their true value when multiplied by ρη 2 /L 2 .
The basic state temperature profile has the form
where β i and β b are constants representing intrinsic and basal heating respectively. In our study, β b is kept fixed at r i r o so that the temperature difference from basal heating, 
where
Note that Ra i would be negative for a volumetric heat sink.
The total temperature, T , is expressed as the sum of the basic temperature and a fluctuating component:
Subtracting T 0 (r) from T in equation (3) leaves an equation for the temperature perturbation T 1 with no heat source term. Inhomogeneous temperature outer boundary conditions are introduced in section 4. The temperature perturbation T 1 is then decomposed into a homogeneous part, Θ and a fixed inhomogeneous part, f such that
where Y 2c 2 is a Schmidt-normalised spherical harmonic with maxima at φ = 0, ±π and minima at φ = ±π/2 and f is the amplitude of the inhomogeneity. Since temperature is kept fixed at both boundaries in this study, Θ(r i ) = Θ(r o ) = 0. To quantify the inhomogeneity at the outer boundary, another Rayleigh number, Ra H , is defined based on the maximum (peak-to-peak) temperature variation at the outer boundary, ∆T H .
The Rayleigh number Ra is varied between approximately 10 and 20 times its critical value for the onset of nonmagnetic convection. This is one order of magnitude higher than the Rayleigh numbers considered in Papers I & II. For the parameter ranges considered in the next two sections, the maximum spherical harmonic degree must be at least 60 and 60 − 80 grid points are used in the radial direction. All calculations reported in this paper have been performed at E = 10 −4 .
3 Dynamo action with homogeneous boundary con- As Ra i is increased to zero and positive values, the outer surface temperature in the dynamo progressively decreases, the mean heat flux at the boundary increases, and convection decouples from the boundary temperature variations. For Ra i = +78 (i.e. with a heat source rather than a heat sink), dipolar solutions were obtained with Ra H = 0 but the behaviour is different for Ra H ∼ 800: the dipolar structure of the magnetic field breaks down into a chaotic state. The magnetic energy decreases to only a fraction of the kinetic energy (case 3, table 3). This regime is reminiscent of the low P r = P m regime of Sreenivasan and Jones (2006b) where the Lorentz forces do not play a significant part in the force balance. Runs at higher values of Ra or Ra i were not attempted as they would produce only non-dipolar dynamos.
We explore two ways to force a locked solution when convection is strong: (i) to increase Ra H , keeping q = κ/η equal to unity and (ii) to decrease Ra and increase q. The first option (case 4 in table 3) is effective in forcing two strong downwellings, producing a strong dipolar magnetic field as shown in figures 6(a,b) . However, prograde (eastward) thermal winds beneath the boundary tend to tilt the fluid columns and, at higher values of Ra H , destroy both the columnar convection and the dynamo. A similar effect was observed with Y 2 2 and Y 0 2 heat flow patterns by Olson and Christensen (2002) . This places an upper limit on the useable value of Ra H . When stronger heat sources are present it becomes more difficult to produce locked dynamos by increasing Ra H as the regime narrows down. However, increasing q to 8 [option (ii) above; see case 5 in table 3 and figures 6(c,d)] and lowering Ra to 125 restores the solution with quasi-stationary flux lobes. This result is significant because it indicates that the key to obtaining locked solutions is to create a regime where external thermal perturbations can penetrate into the interior of the fluid. The requires a small Péclet number, uL/κ, which is 38 for case 5 compared with 213 for case 1.
Discussion
We have obtained dynamo solutions where convection is weakened in the upper regions of the fluid by a basic state temperature distribution that incorporates both boundary heat flux and uniform internal cooling. This regime cannot be obtained by merely reducing the Rayleigh number in a model with only uniform internal heating and does not preclude strong convection from occurring lower down in the fluid. Models with moderate Rayleigh numbers and strong heat sinks (case 4 of table 1) give rise to severe thermal stratification with net heat flux into the outer boundary. The temperature gradient changes sign at r = 1.183; the surface heat flux is still inwards but is less than that for the basic state (table 1), indicating that convection still occurs throughout the fluid. The equivalent situation in the Earth's core would be a conduction profile that becomes subadiabatic 800 km below the CMB and a positive, but subadiabatic heat flow out of the core. The magnetic energy is considerably attenuated and the dynamos are stable and dipolar. Here we have shown that such models support strong thermal boundary coupling even when q = κ/η ∼ 1.
Papers I and II used uniform internal heating, which meant the heat flux was highest at the top. This forced vigorous advection of heat near the upper boundary, which swamped any influence of the lateral variations of heat flux on the boundary except at small Rayleigh number. This entailed weak convective velocities everywhere, producing a small magnetic Reynolds number and little hope of dynamo action unless the magnetic diffusivity was reduced, which in terms of dimensionless parameters meant, inevitably, a large q. Molecular values for the core suggest q ≈ 10 −6 , but this is irrelevant for the type of turbulence expected in the core. Turbulence is usually assumed to equalise the diffusivities, making q ≈ 1, but large q of order 10 is unreasonable. In this paper we obviate the need for large q by introducing heat sinks that reduce the advection of heat near the upper boundary, allowing lateral heat flux variations at the boundary to influence the deeper convection and produce locking at higher Rayleigh number. These heat sinks are eminently realistic for modelling the core for two reasons. First, convection is driven only by the superadiabatic temperature gradient, which is weakened towards the CMB by the steepening of the adiabatic gradient. Secondly, compositional convection, which provides most of the buoyancy in the core, is fed from the bottom in the form of light material released on freezing of the liquid and is remixed uniformly throughout the outer core.
The solutions obtained here are more mobile than the case with the largest inhomogeneity in Paper I and are not as well locked. They are no less geophysically relevant for this because the geomagnetic field is also mobile. Surface fields are dominated by 4 main lobes that move irregularly a small distance from the mean position of the locked solu- The range of values for the radial velocity is [−883.5, 403.7] and that for the magnetic field is [−6.4, 6.09] . Positive values are shown in red and negative values in blue (see the online version for colour).
